
𝑟 ∙ 𝑠 = 𝑟𝑠 cos𝜃        𝑟 × 𝑠 = 𝑑𝑒𝑡 �
𝑥� 𝑦� �̂�
𝑟𝑥 𝑟𝑦 𝑟𝑧
𝑠𝑥 𝑠𝑦 𝑠𝑧

�      �⃗� = 𝑚�̈�   𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑎: 𝑥(𝑡) = 𝑥0 + 𝑣0𝑡 +

1
2
𝑎𝑡2;𝑣(𝑡) = 𝑣0 + 𝑎𝑡;  𝑣𝑓2 − 𝑣𝑖2 = 2𝑎∆𝑥      𝑓 = −𝑓(𝑣)𝑣�     𝑓(𝑣) = 𝑏𝑣 + 𝑐𝑣2                      
�⃗� = 𝑞�𝐸�⃗ + �⃗� × 𝐵�⃗ � 𝑚�̇� = −�̇�𝑣𝑒𝑥 + 𝐹𝑒𝑥𝑡 𝑣 − 𝑣0 = 𝑣𝑒𝑥 ln 𝑚0

𝑚
 𝑅�⃗ = 1

𝑀
∑ 𝑚𝛼𝑟𝛼𝑁
𝛼=1             

𝑅�⃗ = 1
𝑀 ∫ 𝑟 𝑑𝑚 = 1

𝑀 ∫𝜌 𝑟 𝑑𝑉 ℓ�⃗ = 𝑟 × 𝑝  𝐿�⃗ = ∑ 𝑟𝛼 × 𝑝𝛼𝑁
𝛼=1  𝐿�⃗ ̇ = Γ⃗𝑒𝑥𝑡 Δ𝑇 =

𝑇2 − 𝑇1 = ∫ �⃗� ∙ 𝑑𝑟 = 𝑊(1 → 2)2
1      𝑇 = 𝑚𝑣2/2    𝑈(𝑟) = −𝑊(𝑟0 → 𝑟) = −∫ �⃗�(𝑟′���⃗ ) ∙ 𝑑𝑟′��⃗𝑟

𝑟0
           

∇��⃗ × �⃗� = 0 �⃗� = −∇��⃗ 𝑈       𝐸 = 𝑇 + 𝑈1 + ⋯+ 𝑈𝑛    ∆𝐸 = 𝑊𝑛𝑐 𝑡 = �𝑚
2 ∫

𝑑𝑥′
�𝐸−𝑈(𝑥′)

𝑥
𝑥0

      

�⃗�(𝑟) = 𝑓(𝑟)�̂� 𝑈 = 𝑈𝑖𝑛𝑡 + 𝑈𝑒𝑥𝑡 = ∑ ∑ 𝑈𝛼𝛽 + ∑ 𝑈𝛼𝑒𝑥𝑡𝛼𝛽>𝛼𝛼  𝑁𝑒𝑡 𝑓𝑜𝑟𝑐𝑒 𝑜𝑛 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝛼 =
−∇𝛼𝑈   𝑇 + 𝑈 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝐹 = −𝑘𝑥 ↔ 𝑈 = 1

2
𝑘𝑥2 �̈� = −𝜔2𝑥 ↔ 𝑥(𝑡) = 𝐴 cos(𝜔𝑡 − 𝛿)    

�̈� + 2𝛽�̇� + 𝜔0
2𝑥 = 0 ↔ 𝑥(𝑡) = 𝐴𝑒−𝛽𝑡 cos(𝜔1𝑡 − 𝛿) (𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝛽 < 𝜔0),𝛽 =

2𝑏
𝑚

,𝑑𝑎𝑚𝑝𝑖𝑛𝑔 𝑓𝑜𝑟𝑐𝑒 = −𝑏𝑣,𝜔0 = �𝑘
𝑚

,𝜔1 = �𝜔02 − 𝛽2      𝐹(𝑡) = 𝑚𝑓0 cos(𝜔𝑡) , 𝑥(𝑡) =

𝐴 cos(𝜔𝑡 − 𝛿) ,𝑤ℎ𝑒𝑟𝑒 𝐴2 = 𝑓02

�𝜔0
2−𝜔2�

2+4𝛽2𝜔2
    𝛿 = tan−1 � 2𝛽𝜔

𝜔0
2−𝜔2�     𝑆 =

∫ 𝑓[𝑦(𝑥),𝑦′(𝑥),𝑥]𝑑𝑥 𝑥2
𝑥1

,   𝜕𝑓
𝜕𝑦
− 𝑑

𝑑𝑥
𝜕𝑓
𝜕𝑦′

= 0 

𝑆 = ∫ 𝑓[𝑥(𝑢),𝑦(𝑢), 𝑥′(𝑢),𝑦′(𝑢),𝑢]𝑑𝑢 𝑢2
𝑢1

, 𝜕𝑓
𝜕𝑥

= 𝑑
𝑑𝑢

𝜕𝑓
𝜕𝑥′

,𝑎𝑛𝑑 𝜕𝑓
𝜕𝑦

= 𝑑
𝑑𝑢

𝜕𝑓
𝜕𝑦′

 ℒ = 𝑇 − 𝑈  

𝜕ℒ
𝜕𝑞𝑖

= 𝑑
𝑑𝑡

𝜕ℒ
𝜕�̇�𝑖

 [𝑖 = 1, …𝑛]        𝑝𝑖 = 𝜕ℒ
𝜕�̇�𝑖

          ℋ = ∑ 𝑝𝑖�̇�𝑖𝑛
𝑖=1 − ℒ        𝑟 = 𝑟1 − 𝑟2 𝜇 = 𝑚1𝑚2

𝑚1+𝑚2
 

𝑈𝑒𝑓𝑓 = 𝑈(𝑟) + 𝑈𝑐𝑓(𝑟) = 𝑈(𝑟) + ℓ2

2𝜇𝑟2
   𝑢′′(𝜑) = −𝑢(𝜑) − 𝜇

ℓ2𝑢(𝜑)2
𝐹    

𝑟(𝜑) = 𝑐
1+𝜖 cos𝜑  𝑓𝑜𝑟 𝐹 = − 𝛾

𝑟2
,𝑤𝑖𝑡ℎ 𝑐 = ℓ2

𝛾𝜇
              𝐸 = 𝛾2𝜇

2ℓ2
(𝜖2 − 1) 

�⃗�𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙 = −𝑚𝐴          𝜔��⃗ = 𝜔𝑢�     �⃗� = 𝜔��⃗ × 𝑟           �𝑑𝑄
�⃗

𝑑𝑡
�
𝑆0

= �𝑑𝑄
�⃗

𝑑𝑡
�
𝑆

+ Ω��⃗ × 𝑄�⃗   

𝑚�̈� = �⃗� + �⃗�𝑐𝑜𝑟 + �⃗�𝑐𝑓 ,𝑤𝑖𝑡ℎ �⃗�𝑐𝑜𝑟 = 2𝑚�̇� × Ω��⃗ ,𝑎𝑛𝑑 �⃗�𝑐𝑓 = 𝑚�Ω��⃗ × 𝑟� × Ω��⃗       

�⃗� = �⃗�0 + �Ω��⃗ × 𝑅�⃗ � × Ω��⃗      𝑁𝑜𝑐 = 𝑁𝑖𝑛𝑐𝑛𝑡𝑎𝑟𝜎𝑜𝑐           𝑁𝑠𝑐(𝑖𝑛𝑡𝑜 𝑑Ω) = 𝑁𝑖𝑛𝑐𝑛𝑡𝑎𝑟
𝑑𝜎
𝑑Ω

(𝜃,𝜙)𝑑Ω         
𝑑𝜎
𝑑Ω

= 𝑏
sin𝜃 �

𝑑𝑏
𝑑𝜃
�             𝑑𝜎

𝑑Ω
= � 𝑘𝑞𝑄

4Esin2(𝜃/2)
�
2
        𝑞�̇� = 𝜕ℋ/𝜕𝑝𝑖 and 𝑝�̇� = −𝜕ℋ

𝜕𝑞𝑖
  [𝑖 = 1, …𝑛]       

𝐿�⃗ = 𝐿�⃗ (𝑚𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝐶𝑀) + 𝐿�⃗ (𝑚𝑜𝑡𝑖𝑜𝑛 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝐶𝑀) 
𝑇 = 𝑇(𝑚𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝐶𝑀) + 𝑇(𝑚𝑜𝑡𝑖𝑜𝑛 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝐶𝑀) 𝐿�⃗ = 𝐼�̿���⃗               

𝐼 ̿ = �
𝐼𝑥𝑥 𝐼𝑥𝑦 𝐼𝑥𝑧
𝐼𝑦𝑥 𝐼𝑦𝑦 𝐼𝑦𝑧
𝐼𝑧𝑥 𝐼𝑧𝑦 𝐼𝑧𝑧

�      𝐼𝑥𝑥 = ∑ 𝑚𝛼(𝑦𝛼2 + 𝑧𝛼2)𝛼 , 𝑒𝑡𝑐.       𝐼𝑥𝑦 = −∑ 𝑚𝛼𝑥𝛼𝑦𝛼𝛼 , 𝑒𝑡𝑐.      𝐿�⃗ = 𝜆𝜔��⃗     

�𝐼 ̿ − 𝜆1��𝜔��⃗ = 0     Characteristic equation: 𝑑𝑒𝑡�𝐼 ̿ − 𝜆1�� = 0      𝐼′̿ = �
𝜆1 0 0
0 𝜆2 0
0 0 𝜆3

�   𝐿�⃗ ̇ + 𝜔��⃗ × 𝐿�⃗ =

Γ⃗       𝑀��̈⃗� = −𝐾��⃗�        𝑇 = 1
2
∑ 𝑀𝑗𝑘𝑗,𝑘 �̇�𝑗�̇�𝑘         𝑈 = 1

2
∑ 𝐾𝑗𝑘𝑗,𝑘 𝑞𝑗𝑞𝑘        �⃗�(𝑡) = 𝑅𝑒��⃗� 𝑒𝑖𝜔𝑡�        



�𝐾� − 𝜔2𝑀���⃗� = 0        �̈� + 2𝛽�̇� + 𝜔0
2 sin𝜙 = 𝛾𝜔0

2 cos(𝜔𝑡) ,𝑤𝑖𝑡ℎ 𝛾 = 𝐹0
𝑚𝑔

,𝑎𝑛𝑑 𝐹(𝑡) =

𝐹0 cos(𝜔𝑡)        |Δ𝜙(𝑡)|~𝐾𝑒𝜆𝑡       𝑞�̇� = 𝜕ℋ/𝜕𝑝𝑖 and 𝑝�̇� = −𝜕ℋ
𝜕𝑞𝑖

  [𝑖 = 1, …𝑛]   

Δ𝑡 = 𝛾Δ𝑡0     𝛾 = 1/�1 − 𝛽2,    𝛽 = 𝑉/𝑐    ℓ = ℓ0/𝛾         𝑥′ = 𝛾(𝑥 − 𝑉𝑡),   𝑦′ = 𝑦, 𝑧′ = 𝑧,
𝑡′ = 𝛾(𝑡 − 𝑉𝑥/𝑐2)          𝑣𝑥′ = 𝑣𝑥−𝑉

1−𝑣𝑥𝑉/𝑐2
, 𝑣𝑦′ = 𝑣𝑦

𝛾(1−𝑣𝑥𝑉/𝑐2) , 𝑣𝑧′ = 𝑣𝑧
𝛾(1−𝑣𝑥𝑉/𝑐2)       𝑞

(4)′ = Λ𝑞(4)           

𝑥(4) ∙ 𝑦(4) = 𝑥1𝑦1 + 𝑥2𝑦2 + 𝑥3𝑦3 − 𝑥4𝑦4         𝑢(4) = 𝑑𝑥(4)

𝑑𝑡0
= 𝛾(�⃗�, 𝑐)      𝑝(4) = 𝑚𝑢(4) =

(𝛾𝑚�⃗�,𝛾𝑚𝑐) = (𝑝,𝐸/𝑐)      𝛽 = 𝑝𝑐/𝐸       𝑝(4) ∙ 𝑝(4) = −(𝑚𝑐)2        𝐸2 = (𝑚𝑐2)2 + (𝑝𝑐)2 

Binomial expansion for x <<1: (1 + 𝑥)𝑛 ≅ 1 + 𝑛𝑥 + 𝑛(𝑛−1)
2

𝑥2 

1
1 + 𝑥

= 1 − 𝑥 + 𝑥2 − 𝑥3 + ⋯    (𝑥 < 1) 

 


